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A map is called regular if its automorphism group acts regularly on the set of all flags
(incident vertex–edge–face triples). An orientable map is called orientably regular if
the group of all orientation-preserving automorphisms is regular on the set of all arcs
(incident vertex–edge pairs). If an orientably regularmap admits also orientation-reversing
automorphisms, then it is regular, and is called reflexible. A regular embedding and orientably
regular embedding of a graph G are, respectively, 2-cell embeddings of G as a regular map
and orientably regular map on some closed surface. In Du et al. (2004) [7], the orientably
regular embeddings of graphs of order pq for two primes p and q (p may be equal to q)
have been classified, where all the reflexiblemaps can be easily read from the classification
theorem. In [11], Du and Wang (2007) classified the nonorientable regular embeddings
of these graphs for p 6= q. In this paper, we shall classify the nonorientable regular
embeddings of graphs of order p2 where p is a prime so that a complete classification of
regular embeddings of graphs of order pq for two primes p and q is obtained. All graphs in
this paper are connected and simple.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A map is a cellular decomposition of a closed surface. A common way to describe maps is to consider them as cellular
embeddings of graphs into closed surfaces. By an automorphism of a mapM we mean an automorphism of the underlying
graph G which extends to a self-homeomorphism of the surface. These automorphisms form a subgroup Aut(M) of the
automorphism group Aut(G) of G. It is well known that Aut(M) acts semi-regularly on the set of all flags (incident
vertex–edge–face triples).When the action is regular, themap is called regular. An orientablemap is called orientably regular
if the group of all orientation-preserving automorphisms is regular on the set of all arcs (incident vertex–edge pairs). If an
orientably regularmap admits also orientation-reversing automorphisms, then it is regular, and is called reflexible; otherwise
it is chiral. A regular embedding and orientably regular embedding of a graph G are, respectively, 2-cell embeddings of G as
a regular map and orientably regular map on some closed surface. Note that the underlying graphs of maps are generally
allowed to have multiple edges but in this paper we just consider connected and simple graphs.
One of the central problems in topological graph theory is to classify all the regular and orientably regular embeddings of
a given class of graphs. In a general setting, the classification problem was treated by Gardiner, Nedela, Širáň and Škoviera
in [12]. However, for particular classes of graphs, it has been solved only in a few cases. Most notably, here we mention the
regular embeddings of five classes of graphs. (1) Complete graphs Kn: All the orientably regular embeddings of Kn have been
determined by James and Jones [17], showing that all the orientably regular embeddings of Kn are precisely those discovered
by Biggs [1], and all the nonorientable regular embeddings of Kn have been determined by James [16] and Wilson [29].
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(2) Complete bipartite graphs Kn,n: The nonorientable regular embeddings of Kn,n have been recently classified by Kwak
and Kwon [25]. Particular contributions towards the classification of the orientably regular embeddings of Kn,n can be found
in papers [4,5,20,21,23,24,27] and this classification was recently completed by Jones [18]. Moreover, Du, Kwak and Nedela
classified the orientably regular embeddings for completemultipartite graphsKn[K¯p], pprime, in [8]. (3)n-dimensional cubes
Qn: Y.S. Kwon and R. Nedela proved the non-existence of nonorientable regular embeddings of Qn for n ≥ 3 [26], while Q2
has the embedding in the projective plane. For the orientably regular case, the classification has been achieved for odd n by
Du, Kwak and Nedela in [9]. When n is two times of an odd integer, Jing Xu proved in [30] that the embeddings constructed
by Kwon [22] cover all orientably regular embeddings of Qn. A construction of new embeddings was given by Catalano and
Nedela [2] and a complete classification was recently completed by Catalano, Conder, Du, Kwon, Nedela and Wilson [3].
(4) Merged Johnson graphs: In [19] Jones classified the orientable embeddings of merged Johnson graphs. (5) Graphs of
order pq for any two primes p and q: In [7] Du, Kwak and Nedela classified the orientably regular embeddings of these
graphs, where all the reflexible maps can be easily read from the classification theorem. In [11] Du and Wang determined
the nonorientable regular embeddings of these graphs when p 6= q. The aim of this paper is to classify the nonorientable
regular embeddings of graphs of order p2 so that a complete classification of regular embeddings of graphs of order pq for
two primes p and q is obtained.
Let us remind that the classification of orientably regular embeddings of the graphs of prime order can be found in
several papers (see [8]) and it is easy to see from the structure of permutation groups of prime degree and a classification
of nonorientable regular embeddings of complete graphs [16,29] that these graphs do not have any nonorientable regular
embeddings.
Before proving our main theorem in Section 3, we give some further background and preliminaries in Section 2. For the
group and topological graph theoretical terminology, see [15,14], respectively.
2. Regular maps and main theorem
In the beginning of this section, we give a combinatorial way to describe topological maps.
Definition 2.1. For a given finite set F and three fixed-point free involutory permutations t, r, ` on F , a quadrupleM =
M(F; t, r, `) is called a combinatorial map if they satisfy two conditions: (1) t` = `t; (2) the group 〈t, r, `〉 acts transitively
on F .
For a given combinatorial map M = M(F; t, r, `), F is called the flag set, t, r, ` are called longitudinal, rotary, and
transversal involution, respectively. The group 〈t, r, `〉 is called themonodromy group ofM, denoted by Mon(M). We define
the vertices, edges and face boundaries ofM to be the orbits of the subgroups 〈t, r〉, 〈t, `〉 and 〈r, `〉, respectively. The incidence
in M can be represented by nontrivial intersection. To ensure that the underlying graph has no multiple edges, we let
〈t, r〉 ∩ 〈t, r〉l = 〈t〉.
ThemapM in Definition 2.1 is unoriented. Clearly, the even-word subgroup 〈tr, r`〉 ofMon(M) has index atmost 2. If the
index is 2, then onemay give an orientation forM and soM is said to be orientable. Otherwise,M is said to be nonorientable.
Given two maps M1 = M(F1; t1, r1, `1) and M2 = M2(F2; t2, r2, `2), a bijection φ from F1 to F2 is called a map
isomorphism if φt1 = t2φ, φr1 = r2φ and φ`1 = `2φ. In particular, ifM1 = M2 = M, then φ is called an automorphism of
M. The automorphisms ofM form a group Aut(M)which is called the automorphism group of the mapM. By the definition
of map isomorphism, we have Aut(M) = CSF (Mon(M)), the centralizer of Mon(M) in SF . Therefore, Aut(M) acts semi-
regularly on F , noting the transitivity of Mon(M) on F . If the action is regular, we call the mapM regular. As a consequence
of some well-known results in permutation group theory (see [15, I. Theorem 6.5]) we get that for a regular mapM, the
two associated permutation groups Aut(M) and Mon(M) can be viewed as the right regular representations R(G) and left
regular representations L(G) of an abstract group G ∼= Aut(M) ∼= Mon(M)mutually centralizing each other in SF .
Now, suppose thatM =M(F; t, r, `) is a regular map whose automorphism group is isomorphic to an abstract group G.
ThenMon(M) ∼= Aut(M) ∼= G and wemay identify F with G, Aut(G)with R(G) andMon(M)with L(G), where no confusion
we identify the elements R(g) and L(g)with the elements g ∈ G so thatM ∼=M(G; t, r, `). As usual, thismapM(G; t, r, `) is
called an algebraic map, while the stabilizer of a vertex, edge and face are the subgroups 〈t, r〉, 〈t, `〉 and 〈r, `〉, respectively.
Moreover, one can get from the definition of map isomorphism that two algebraic mapsM(G; t1, r1, `1) ∼=M(G; t2, r2, `2)
if and only if there exists an automorphism σ of G such that tσ1 = t2, rσ1 = r2 and `σ1 = `2. These facts lead to the following
algorithm.
Algorithm 2.2. To classify the nonorientable regular embeddings of the graphs with given order m, we need to do the
following two steps:
(1) Up to the group isomorphism, find all the transitive subgroups G in permutation group Sm of degree m on a set V , such
that
G = 〈t, r, `〉 = 〈rt, t`〉, |t| = |r| = |`| = 2, t` = `t,
Gv = 〈t, r〉 for v ∈ V , 〈t, r〉 ∩ 〈t, r〉l = 〈t〉.
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(2) For each group G in (1), determine the representatives of the orbits of Aut(G) on the set of triples (t, r, `), satisfying the
conditions in (1). Then we obtain all the nonisomorphic nonorientable regular mapsM(G; t, r, `), whose numbers of
vertices and flags arem and |G|, respectively.
Let us introduce somenotation. By (r, s) and [r, s], wedenote the greatest commondivisor and the least commonmultiple
of two positive integers r and s, respectively. By Fp, Zn and D2n, we denote the finite field of p elements, the cyclic group of
order n and the dihedral group of order 2n, respectively. For a group G and a subgroup H of G, we use Gk+ to denote the
subgroup 〈g|g ∈ G, gk = 1〉 of G, and use CG(H) and NG(H) to denote the centralizer and normalizer of H in G, respectively.
For any element g in a group G, by |g| and I(g) we denote the order of g and the inner automorphism induced by g ,
respectively. A semidirect product of the groupN by the groupH is denoted byN : H . For a ring S, let S∗ be themultiplicative
group of all invertible elements of S. By Cn we denote the graph of order n and valency 2. By V = V (2, p),GL(2, p), PSL(2, p),
and AGL(2, p), respectively, we denote the 2-dimensional row linear space, general linear group, projective general linear
group, and affine transformation group over Fp. For any v ∈ V , we denote by tv the translation corresponding to v and by T
the translation subgroup of AGL(2, p). Then AGL(2, p) ∼= T : GL(2, p). We adoptmatrix notation for GL(2, p) so that vg = vg
and g−1tvg = (tv)g = tvg for any tv ∈ T and any g ∈ GL(2, p). Finally, from now on, we set F∗p = 〈θ〉 and use e2 to denote
the 2× 2 identity matrix.
To state Theorem 2.3 and Proposition 2.4, we first define seven groups Gi for 1 ≤ i ≤ 7, where the groups from G1 to G6
are subgroups of AGL(2, p).
(1) G1 = T : 〈x, y〉, where x =
(
θ−
p−1
n 0
0 θ
p−1
n
)
and y =
(
0 1
1 0
)
, F∗p = 〈θ〉, p ≥ 5, n ≥ 4 is even and n|(p− 1).
(2) G2 = T : 〈x, y〉, where x =
(
e f θ
f e
)
and y =
(
1 0
0 −1
)
, where F∗p = 〈θ〉, Fp2 = Fp(ε), ε2 = θ and e + f ε is a given
generator of the subgroup of order n of F∗
p2
, p ≥ 3, n ≥ 4 is even and n|(p+ 1).
(3) G3 = T : 〈x, y〉, where x =
(−1 −1
0 −1
)
and y =
(
1 0
0 −1
)
, with p ≥ 3.
(4) G4 = T : 〈x〉, where x =
(
t1 0
0 t2
)
, p ≥ 3, x is of even order n = [|t1|, |t2|] ≥ 4, t1 6= t2 and−e2 ∈ 〈x〉.
(5) G5 = T : 〈x〉, where x =
(
e f θ
f e
)
, F∗p = 〈θ〉, Fp2 = Fp(ε), ε2 = θ and e+ f ε is a given generator of the subgroup of order
n of F∗
p2
, p ≥ 3, n ≥ 4 is even and n|(p2 − 1) but n Ď (p− 1).
(6) G6 = T : 〈x, y〉, where x =
(
1 1
0 1
)
and y =
(
1 0
0 θ
p−1
n
)
, p ≥ 3, n is even and n|(p− 1).
(7) G7 = 〈x, y|xp2 = y2 = 1, xy = xt〉,where p ≥ 3, t is any fixed element of order n in F∗p2 for n any even divisor of p2 − p.
Now we are ready to state the main theorem of this paper.
Theorem 2.3. Let Gi (i = 1, 2, 3) be the group defined as above and let x and y be defined in the corresponding group Gi. Let
M be a nonorientable regular map with the underlying graph X of order p2, for any prime p. ThenM is isomorphic to one of the
following mapsM(G; t, r, `) :
(1) M(G1; y, xiy, t(1,1)x n2 ), where p ≥ 5, n ≥ 4 is an even divisor of p− 1 and i ∈ Z∗n ∩ {1, . . . , n2 };
(2) M(G2; y, xiy, t(1,0)x n2 ), where p ≥ 3, n ≥ 4 is an even divisor of p+ 1 and i ∈ Z∗n ∩ {1, . . . , n2 };
(3) M(G3; y, xy, t(1,0)xp), where p ≥ 3, X ∼= Cp[Kp] and the nonorientable genus γ = p3 − 2p2 + 2.
(4) M(S4, (12), (13), (12)(34)), where p = 2, X ∼= K4 and the nonorientable genus γ = 1.
The maps in Case (1) and Case (2) are uniquely determined by given i, the underlying graph X is of valency n, the nonorientable
genus γ = ( n2−1)p2− n2p+2, and the number ofmaps for each case is 12φ(n). Moreover, themaps in four cases are nonisomorphic.
It is well known that each orientably regular mapM can be described by a group G = 〈r, `〉 ∼= Aut(M), where ` is of
order 2 andwe denote this map byM(G; r, `). Themirror image ofM(G; r, `) isM(G; r−1, `) and soM(G; r, `) is reflexible
if and only if there exists an automorphism of the group Gwhich fixes ` and maps r to r−1.
The orientably regular embeddings of graphs of order p2 for a prime p can be extracted from [7], where all the reflexible
maps can be easily read from the classification theorem. In the following proposition, by X(p, n) we denote the (unique)
arc-transitive graph of order p and even valency n.
Proposition 2.4 ([7]). Let Gi (4 ≤ i ≤ 7) be the group defined as above and let x and y be defined in the corresponding group Gi.
Let M be an orientably regular map with a underlying graph X of order p2 for any prime p. ThenM is isomorphic to one of the
following regular mapsM(G; r, `), where for each case, the maps are uniquely determined by the given integer parameters and
the maps in Cases (1)–(6) are nonisomorphic:
(1) M(D8; ab, b), where D8 = 〈a, b|a4 = b2 = 1, ab = a−1〉, X ∼= C4 and the map is reflexible;
(2) M(A4; (123), (12)(34)), where X ∼= K4 and the map is reflexible;
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(3) M(G4; xi, t(1,1)x n2 ), where p ≥ 3, for n = [|t1|, |t2|] ≥ 4, t1 6= t2 and −e2 ∈ 〈x〉; i ∈ Z∗n/(Z∗n)2+ if n = |t1| = |t2|, and
i ∈ Z∗n otherwise; the graph X is of valency n; the orientable genus g = 1+ pq(n−4)4 if 4|h, and g = 1+ pq(n−6)4 if 4 - h; the
number of nonisomorphic maps is φ(n)/|(Z∗n)2+| or φ(n) according to whether |t1| = |t2| or not; the maps are reflexible if
and only if |t1| = |t2|;
(4) M(G5, xi, t(1,0)x
n
2 ), where p ≥ 3, n ≥ 4, n|(p2 − 1) but n - (p− 1), i ∈ Z∗h/(Z∗h)+2; the graph X is of valency n; the genus
g = 1 + p2(n−4)4 if 4|n, and g = 1 + p
2(n−6)
4 if 4 - n; the number of nonisomorphic maps is φ(n)/|(Z∗n)2+|; and the maps
are reflexible;
(5) M(G6; t(1,0)yj, xiy n2 ),where p ≥ 3, n is an even divisor of p− 1, i ∈ F∗p /(F∗p )n+ and j ∈ F∗n ; the graph X ∼= X(p, n)[K p]; the
genus g = 1+ p24 (np− 4) if 4|n, and g = 1+ p
2
4 (np− 6) if 4 - n; the number of nonisomorphic maps is p−1n φ(n);and the
maps are chiral;
(6) M(G7; yi, xy n2 ), where p ≥ 3, n is an even divisor of p2 − p, and i ∈ F∗p ; if p|n then the graph X ∼= X(p, np )[K p], and if
(p, n) = 1 then n|(p− 1) and X is a p-fold cover of the graph X(p, n); the genus g = 1+ p(n−4)2 if 4|n, and g = 1+ p(n−6)2
if 4 - n; the number of nonisomorphic maps is φ(n); and the maps are chiral.
Combining nonorientable maps in Theorem 2.3 and reflexible maps in Proposition 2.4, we obtain a classification of all
regular maps of graphs of order p2 for any prime p.
Corollary 2.5. Let M be a regular map with a underlying graph X of order p2 for any prime p. Then M is isomorphic to one
of the following regular maps: nonorientable maps in Cases (1)–(4) in Theorem 2.3; reflexible maps in Cases (1), (2), (3) when
|t1| = |t2|, and (4) in Proposition 2.4, where all of these maps are nonisomorphic.
To end up this section, we give some group theoretical results to be used later.
Lemma 2.6 ([6]). For an odd prime p, let G = GL(2, p). Then any dihedral subgroup L ≤ G of order 2k is conjugate to one of the
following subgroups:
(1) 〈a〉 : 〈b〉, where a =
(
θ
p−1
k 1
1 θ−
p−1
k
)
and b =
(
0 1
1 0
)
.
(2) 〈a〉 : 〈b〉, where a =
(
e f θ
f e
)
and b =
(
1 0
0 −1
)
, where F∗p = 〈θ〉, Fp2 = Fp(ε)where ε2 = θ and e+ f ε is a given generator
of the subgroup of order k of F∗
p2
. Note k|(p+ 1).
(3) 〈a〉 : 〈b〉, where a =
(
i i
0 i
)
and b =
(
1 0
0 −1
)
, where i = 1 or−1. Note k = p or 2p.
Proposition 2.7 ([13]). Let T be a nonabelian simple group with a subgroup H < T satisfying |T : H| = pa for p a prime. Then
one of the following holds:
(1) T = An and H = An−1 with n = pa.
(2) T = PSL(n, q) andH is the stabilizer of a projective point or a hyperplane in PG(n−1, q), and |T : H| = (qn−1)/(q−1) = pa.
(3) T = PSL(2, 11) and H = A5.
(4) T = M11 and H = M10.
(5) T = M23 and H = M22.
(6) T = PSU(4, 2), PSp(4, 3) and H is a subgroup of index 27.
Proposition 2.8 ([28, 11.6, 11.7]). Every permutation group of prime degree p is isomorphic to either Zp : Zs for some s dividing
p− 1 or an insolvable group listed in Proposition 2.7 for a = 1.
Lemma 2.9. Let G = T : H ≤ AGL(2, p) be an affine group where T is the translation subgroup and H ≤ GL(2, p). Suppose that
σ is an automorphism of G fixing T and H setwise. Then there exists an element u ∈ G such that σ = I(u)|G, where I(u) is the
inner automorphism of AGL(2, p) induced by u.
Proof. With our notation, T = 〈a, b〉 where a = t(1,0) and b = t(0,1). Suppose σ is an automorphism of G fixing T and H
setwise. Thenwemay assume that aσ = au11bu12 and bσ = au21bu22 for some uij ∈ Zp. Then aσ = t(u11,u12) and bσ = t(u21,u22).
Moreover, for any α = (x1, x2) ∈ V ,we have
(tα)σ = (x1a+ x2b)σ = x1aσ + x2bσ = x1t(u11,u12) + x2t(u21,u22)
= tx1(u11,u12) + tx2(u21,u22) = tαu = tuα.
For any x ∈ H , since (x−1tαx)σ = (tαx)σ and xσ ∈ H , we have tαuxσ = tαxu, which implies that xσ = u−1xu. Therefore
σ = I(u)|G. 
S.-F. Du, J.H. Kwak / Discrete Mathematics 310 (2010) 1743–1751 1747
3. Proof of Theorem 2.3
In this section, we shall prove Theorem 2.3. Throughout this section, let X be an arc-transitive graph of order p2 for a
prime p, valency n ≥ 3 and full automorphism group Aut(X). LetM be a nonorientable embedding of the graph X with
G := Aut(M). Since |V (X)| = p2 and Gv = 〈r, t〉 ∼= D2n, we have |G| = 2np2.
Firstwe assume that X is a complete graph. It is shown in [16,29] that a complete graphwhich has a nonorientable regular
embeddingmust be of order 3, 4 or 6. Since |V (X)| = p2, we get that |V (X)| = 4, which implies that X ∼= K4. It is well known
that up tomap isomorphism, K4 has a unique nonorientable regular embedding, a map on the projective plane. Now, G ∼= S4
and we may set t = (12), r = (13) and ` = (12)(34) so thatM =M(S4; (12), (13), (12)(34)), listed in Theorem 2.3(4).
In what follows, we assume that X is not a complete graph. If p = 2, then X ∼= K4, a contradiction. Therefore, we let
p ≥ 3. Since 4||G| and |G| = 2np2, n is even. We shall carry out the proof according to Algorithm 2.2. Naturally, we divide
the proof into the two cases when G acts primitively or imprimitively on V (X) in Sections 3.1 and 3.2 respectively.
3.1. G acts primitively on V (X)
In this subsection, we assume that G acts primitively on V (X). First we determine the structure of G.
Lemma 3.1. Suppose that G acts primitively on V (X). Then G is isomorphic to one of the groups G1 and G2 defined in Section 1.
Proof. By checking O’Nan–Scott Theorem [10, Theorem 4.1A], we know that a primitive group of degree p2 is either an
almost simple group or an affine group.
First suppose that G is an almost simple group. Then by Proposition 2.7 we know that G is double transitive, which forces
that X is a complete graph, a contradiction.
Next suppose that G is an affine group, that is G = T : H , where D2n ∼= H = Gv ≤ GL(2, p). In this case, V (X) can be
identified with V (2, p). Moreover, since G is primitive, H is a maximal subgroup and so H has no 1-dimensional invariant
subspaces on V (2, p). By checking Lemma 2.6, we know that H is conjugate to one of the subgroups in the Lemma 2.6(1)
and (2). Therefore, up to group isomorphism, we may set G = G1 or G2, as defined in Section 1. 
Lemma 3.2. Suppose that G = G1. ThenM is isomorphic to one of the mapsM(G1; y, xiy, t(1,1)x n2 ), where i ∈ Z∗n ∩ {1, . . . , n2 },
these maps are uniquely determined by given i and so the number of maps is 12φ(n), and the nonorientable genus γ =
( n2 − 1)p2 − n2p+ 2, as listed in Theorem 2.3 (1).
Proof. Set G = G1 = T : 〈x, y〉 and recall that
x =
(
δ−1 0
0 δ
)
and y =
(
0 1
1 0
)
,
where p ≥ 5, n ≥ 4 is even and n|(p− 1) and δ = θ p−1n . Note that x n2 = −e2, where e2 is the 2× 2 identity matrix.
By Algorithm 2.2, we need to determine the representatives of the orbits of Aut(G) on the set of involution generating
triples (t, r, `) in G, satisfying the conditions in Algorithm 2.2(1).
Set H = 〈r, t〉. Since G has only one conjugacy class of subgroups D2n, we may choose H = 〈x, y〉. Since H ∼= D2n where
n is even, H has two conjugacy classes of involutions with the respective representatives y and xy. Set z =
(
1 0
0 δ−1
)
. Then
the inner automorphism I(z) of AGL(2, p) fixes x and maps y to xy, and so it induces an automorphism of G = T : H . Hence,
up to group isomorphism, we may choose t = y so that r = xiy for i ∈ Z∗n .
Let σ ∈ Aut(G) such that yσ = y and (xiy)σ = xjy for i, j ∈ Z∗n . Then Hσ = H and xσ = xji−1 . Since T is a characteristic
subgroup of G, T σ = T . By Lemma 2.9, σ = I(u)|G for some u ∈ GL(2, p). Now from yu = yσ = y, we may get that
u =
(
a b
b a
)
for some a, b ∈ Fp. Since
xu = 1
a2 − b2
(
a2δ−1 − b2δ ab(δ−1 − δ)
ab(δ − δ−1) a2δ − b2δ−1
)
,
it follows that xu ∈ 〈x〉 if and only if either a = 0 or b = 0, so that xσ = x±1, or equivalently, j = ±i. Therefore, we choose
t = y and r = xiy for i ∈ Z∗n ∩ {1, 2, . . . , n2 }. In this case, Aut(G)t ∩ Aut(G)r = 1.
Now we determine the involutions ` ∈ CG(t). Set ` = t(a1,a2)h ∈ G, where h ∈ H . Since `t = `, we have that t t(a1,a2)ht
= t(a1,a2)h, which implies from T ∩H = 1 that t t(a1,a2) = t(a1,a2) and ht = h. From t
y
(a1,a2)
= t t(a1,a2) = t(a1,a2),we get a1 = a2.
From hy = ht = h, we know that h ∈ {±e2,±y}. From `2 = 1 one has that h 6= e2, y. Since
G = 〈rt, `t〉 = 〈xi, t(a1,a1)hy〉 ≤ 〈T , x, hy〉.
we get that h 6= −y so that h = −e2 and ` = t(a1,a1)(−e2). Moreover, the inner automorphism I(a1e2) of AGL(2, p) fixes H
pointwise and maps t(1,1) to t(a1,a1). Therefore, we may choose ` = t(1,1)(−e2) = t(1,1)x
n
2 .
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In summary,we get the set of the representatives of the orbits of Aut(G) on the set of involution generating triples (t, r, `)
of G, that is{
(t, r, `)|t = y, r = xiy, ` = t(1,1)x n2 , i ∈ Z∗n ∩
{
1, 2, . . . ,
n
2
}}
,
Correspondingly, we get the mapsM(G1; y, xiy, t(1,1)x n2 ) in Theorem 2.3.(1). Since 〈rt, `t〉 = 〈xi, t(1,1)x n2 y〉 = G, these maps
are nonorientable. It is easy to see that 〈t, r〉∩〈t, r〉l = 〈t〉, which implies that the underlying graph has no edges. Moreover,
from the proof, one may see that different i give nonisomorphic maps.
Since
(r`)2 = (xiyt(1,1)x n2 )2 = (xi+ n2 yt(−1,−1))2
= (xi+ n2 y)2t
(−1,−1)xi+ n2 yt(−1,−1) = t(−1+δi,−1+δ−i),
we have |r`| = 2p so that |〈r, `〉| = 4p. Therefore, the number of faces |F | = |G||〈r,`〉| = np2 . Moreover, the number of vertices
|V | = |G||〈t,r〉| = 2np
2
2n = p2 and the number of edges |E| = |G|4 = np
2
2 . Let γ be the nonorientable genus of the map. From the
formula |V | + |F | − |E| = 2− γ , we get that γ = ( n2 − 1)p2 − n2p+ 2. 
Lemma 3.3. Suppose that G = G2. ThenM is isomorphic to one of the mapsM(G2; y, xiy, t(1,0)x n2 ), where i ∈ Z∗n ∩ {1, . . . , n2 },
these maps are uniquely determined by given i and so the number of maps is 12φ(n), and the nonorientable genus γ =
( n2 − 1)p2 − n2p+ 2, as listed in Theorem 2.3 (2).
Proof. Set G = G2 = T : 〈x, y〉 and recall that
x =
(
e f θ
f e
)
and y =
(
1 0
0 −1
)
,
where F∗p = 〈θ〉, Fp2 = Fp(ε)ε2 = θ and e + f ε is a given generator of the subgroup of order n of F∗p2 , p ≥ 3, n ≥ 4 is even
and n|(p+ 1). As in last lemma, we shall determine the desired triples (t, r, `).
Let H = 〈r, t〉. Similarly, we may take H = 〈x, y〉. Let F∗
p2
= 〈e′ + f ′ε〉 and set ρ = e′ + f ′ε and w =
(
e′ f ′θ
f ′ e′
)
. Now
Fp2 can be identified with V (2, p) with a basis {1, ε}. Define a linear transformation φ on V (2, p) by φ(x) = xρ. Then the
corresponding matrix of φ relative to the base {1, ε} is exactly w. Since |ρ| = p2 − 1, w is of order p2 − 1. It is well known
(see [15, Chapter II]) that 〈w〉 is a Singer subgroup of GL(2, p) and here we may choose x = w p2−1n . Since
(e′ + f ′ε)p = e′p + f ′pεp = e′ + f ′θ p−12 = e′ − f ′ε and wy =
(
e −f θ
−f e
)
,
we havewy = wp so that xy = xp = x−1xp+1 = x−1, noting n|(p+ 1). Since
w−
p+1
n yw
p+1
n = w p
2−1
n y = xy,
I(w
p+1
n ) induces an automorphism of Gmapping y to xy, where x and y are the representatives of two conjugacy classes of
involutions of G. Therefore, we choose t = y so that r = xiy for i ∈ Z∗n .
Let σ ∈ Aut(G) such that yσ = y and (xiy)σ = xjy for i ∈ Z∗n . Then xσ = xji−1 and Hσ = H . Since T is a characteristic
subgroup of G, T σ = T . By Lemma 2.9, σ = I(u)|G for some u ∈ GL(2, p). Now from yu = yσ = y, we may get that
u =
(
a 0
0 b
)
for some a, b ∈ F∗p . Since
xu =
(
e a−1bf θ
ab−1f e
)
,
it follows that xu ∈ 〈x〉 if and only if a = ±b, so that xσ = x±1, or equivalently, j = ±i. Therefore, we choose t = y and
r = xiy for i ∈ Z∗n ∩ {1, 2, . . . , n2 }. Now we have Aut(G)t ∩ Aut(G)t = 1.
Set ` = t(a1,a2)h, where h ∈ H . Since `t = `, we have that ty(a1,a2)hy = t(a1,a2)h, which implies from T ∩ H = 1 that
ty(a1,a2) = t(a1,a2) and hy = h. Form t
y
(a1,a2)
= t(a1,a2), we get a2 = 0. From hy = h, we know that h ∈ {±e2,±y}. Since |`| = 2,
we get h 6= e2, y. Finally, from 〈rt, `t〉 = G, we get that h = −e2 so that ` = t(a1,0)(−e2). Moreover, the inner automorphism
I(a1e2) of AGL(2, p) fixes H pointwise and maps t(1,0) to t(a1,0). Therefore, we may take ` = t(1,0)(−e2) = t(1,0)x
n
2 .
With the chosen triples of G:{
(t, r, `)|t = y, r = xi, ` = t(1,0)x n2 , i ∈ Z∗n ∩
{
1, 2, . . . ,
n
2
}}
,
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we get the desired mapsM(G2; y, xiy, t(1,0)x n2 ), listed in Theorem 2.3.(2). Since 〈rt, `t〉 = 〈xi, t(1,0)x n2 y〉 = G, these maps are
nonorientable. It is easy to see that 〈t, r〉 ∩ 〈t, r〉l = 〈t〉, which implies that the underlying graph has no edges. Moreover,
from the proof, we know that different i give nonisomorphic maps.
Similar to Lemma 3.2, we may show that γ = ( n2 − 1)p2 − n2p+ 2. 
3.2. G acts imprimitively on V (X)
It is assumed in this subsection that G acts imprimitively on V (X). First we determine the structure of the graphs X .
Lemma 3.4. Suppose that G acts imprimitively on V (X). Then X is isomorphic to Cp[Kp], where p ≥ 3.
Proof. LetΣ = {∆1,∆2, . . . ,∆p} be a complete block system of G on V (X) and let K be the kernel of G onΣ . Set G = G/K .
Then G induces a faithful action onΣ .
First suppose that K = 1. Then G ∼= G. Now G has a faithful representation of degree p on Σ , and by Proposition 2.8, it
is isomorphic to either Zp : Zs for s|(p− 1) or one of groups listed in Proposition 2.7 for a = 1. However, it is easy to check
that all of these groups cannot have a faithful representation of degree p2.
Next suppose that K 6= 1. Then K has a nontrivial act on some block ∆ ∈ Σ and so it is transitive on ∆ as |∆| is prime.
Since G is transitive on V (X) and K E G, all the orbits of K on V (X) have the same length and then K is transitive on each
block. Take u ∈ ∆ and set H = Gu. If g ∈ G such that ∆g = ∆, then there exists some k ∈ K such that ug = uk. Thus,
gk−1 ∈ H , which forces g ∈ HK . Also HK fixes∆ setwise. Therefore, the setwise stabilizer G{∆} = HK and the stabilizer of G
onΣ is HK/K .
Since Ku = H ∩ K and K E G, it follows that Ku E H . First, since H ∼= D2n, H/Ku is isomorphic to a quotient group of
D2n and so it is either dihedral or cyclic. Second, checking the permutation groups of prime degree, we get that their point
stabilizers cannot be dihedral groups, which implies that HK/K is not a dihedral group. From H/Ku ∼= HK/K , H/Ku is not a
dihedral group. Therefore, H/Ku is cyclic. Since a normal subgroup Ku of a dihedral group H whose quotient group H/Ku is
cyclic must be of index at most 2, we have the following two possibilities:
(i) H = Ku. Then |HK/K | = 1 and so G is regular on V (X), where X is the block graph induced by K . In this case, X ∼= K2,
which means p = 2, a contradiction.
(ii) |H : Ku| = 2. Then Ku = H ∩ K ∼= Zn or Dn. Since |HK/K | = 2, the block graph X is of order prime and valency 2, that
is X = Cp, with Aut(X) ∼= Zp : Z2. Take an arc (u, v). Since the arc stabilizer of any nonorientable regular embedding is Z2,
we know that Hv = Gu ∩Gv = Z2. Since X = Cp, we get Hv ≤ K , which implies that Z2 ∼= Hv ≤ H ∩ K = Ku. Thus, Ku cannot
be regular on the blocks containing v and so Ku 6∼= Zn but Ku ∼= Dn.
Suppose that K acts faithfully on one of the blocks inΣ . Then it follows from the transitivity of G that K acts transitively
and faithfully on each block in Σ . Thus K is a permutation group of prime degree with point stabilizers Dn, which is
impossible as the same reason as before. Therefore, K acts unfaithfully on one of the blocks in Σ . By the connectivity of
X , there exist two blocks∆i and∆j such that {∆i,∆j} ∈ E(X) and K(∆i) fixes∆i pointwise and is transitive on∆j. Then the
induced subgraph X(∆i ∪∆j) ∼= Kp, p, which implies X = Cp[Kp]. 
Next lemma determines the structure of the group G.
Lemma 3.5. Suppose that X = Cp[Kp], where p ≥ 3. Then G is isomorphic to the group G3 as defined in Section 1.
Proof. Let X = Cp[Kp], where p ≥ 3. Then Aut(X) = K ∗ : Aut(Cp), where K ∗ =
p︷ ︸︸ ︷
Sp × · · · × Sp and Aut(Cp) ∼= D2p. Let
Σ = {∆1,∆2, . . . ,∆p} be a complete block system of G on V (X). Let K be the kernel of G onΣ and set G = G/K . Since G is
arc transitive on X and Gv ∼= D4p for v ∈ V (X), we have |G| = 4p3. Since G ∼= D2p, it follows that |K | = 2p2.
Let P be a Sylow p-subgroup of G. Then |G : PK | = 2 and so PK C G. Since P is characteristic in PK (noting p ≥ 3),
it follows that P C G and so G = P : N where N ∼= D4. Since P is transitive on V (X), it is nonabelian. Then we have the
following two cases:
Case 1: Exp(P) = p2.
Let Gv = 〈b〉 : 〈d, f 〉 ∼= D4p, where
bp = 1, bd = b, bf = b−1, 〈d, f 〉 = D4.
Then f ∈ K . Take an element a of order p2 in P . Then by the structure of the group P of order p3 and Exp(P) = p2, we may
assume that b−1ab = a1+kp, where k 6≡ 0(mod p), noting that P is the unique Sylow p−subgroup ofG. Also, K = 〈ap, b〉 : 〈f 〉.
From K a = K , we assume that f a = arpbsf , that is af = a1+rpbs. Since f normalizes P , we have (bf )−1af bf = (af )1+kp, that is
b(a1+rpbs)b−1 = (a1+rpbs)1+kp.
Taking into account ba = aba−kp and ap ∈ Z(P), by induction one may induce a formula in P , that is
(aibj)h = aihbjha−kp ijh(h−1)2 .
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Then using this formula, we get that
b(a1+rpbs)b−1 = a(1+rp)(1−kp)bs = a1+rp−kpbs
and
(a1+rpbs)1+kp = a(1+rp)(1+kp)bs(1+kp)a−kp (1+rp)s(1+kp)kp2 = a1+rp+kpbs.
Therefore, we get a−kp = akp, that is k ≡ 0(mod p), a contradiction.
Case 2: Exp(P) = p.
Let Q = P ∩ K . Then Q ∼= Z2p and Q C G. Since (|Q |, |G : P|) = 1 and Q has a complement in Q , we get from Gaschutz
Theorem [15, I. Theorem 17.4] that Q has a complement, say L in G, where |L| = 4p. By considering the action of L in X , we
get L ∼= D4p.
Note that any normal subgroup of D4p is isomorphic to 1, Z2, Zp, Z2p, D2p or D4p. Since CG(Q )/Q is a normal subgroup of
G/Q ∼= D4p and P  CG(Q ), we know that pĎ |CG(Q )/Q |. Therefore, |CG(Q )/Q | = 1 or 2. The latter case is exactly CG(Q ) = K ,
which implies that K is abelian, contradicting Ku ∼= Dn. Therefore, CG(Q ) = Q .
Suppose that CG(Q ) = Q . Then L acts faithfully on Q by conjugacy. Thus, L can be viewed as a subgroup of GL(2, p) so
that G = T : L ≤ AGL(2, p). By Lemma 2.6, L is conjugate to one of groups in Lemma 2.6(3). Therefore, up to the group
isomorphism, we set G = G3, defined in Section 1. 
Lemma 3.6. Suppose that G = G3. Then M is isomorphic to the map M(G3; y, xy, t(1,0)xp), where the nonorientable genus
γ = p3 − 2p2 + 2, as listed in Theorem 2.3(3).
Proof. Set G = G3 = T : 〈x, y〉, where p ≥ 3,
x =
(−1 −1
0 −1
)
and y =
(
1 0
0 −1
)
.
Note that xp = −e2. For a convenience, set x1 = x2 and P = T : 〈x1〉. Then G = P : 〈−e2, y〉. Therefore, every element
g ∈ G can be uniquely represented as t(m,n)xi1(−e2)jyk, wherem, n, i ∈ Zp and j, k ∈ Z2.
We first claim that there exists an automorphism of G exchanging −e2 and y. To prove this, define a map σ on G as
follows:
(t(m,n)xi1(−e2)jyk)σ = t(i,−mi−n)xm1 (−e2)kyj,
that is
(t(m,n)
(
(−1)j i(−1)j+k
0 (−1)j+k
)
)σ = t(i,−mi−n)
(
(−1)k m(−1)j+k
0 (−1)j+k
)
.
Since every element g ∈ G can be uniquely represented the form as above, σ is a bijection. Since
((t(m,n)xi1(−e2)jyk)(t(m′,n′)xi
′
1(−e2)j
′
yk
′
))σ =
(
t(m,n)
(
(−1)j i(−1)j+k
0 (−1)j+k
)
t(m′,n′)
(
(−1)j′ i′(−1)j′+k′
0 (−1)j′+k′
))σ
=
(
t(m+m′(−1)j,n−i(−1)j+n′(−1)j+k)
(
(−1)j+j′ (i+ (−1)ki′)(−1)j+j′+k+k′
0 (−1)j+j′+k+k′
))σ
= t(i+(−1)ki′−((−1)ki′+i)m−n−(−1)j+k i′m′−(−1)j+kn′)
(
(−1)k+k′ −(−1)j+j′+k+k′(m+ (−1)jm′)
0 (−1)j+j′+k+k′
)
= t(i,−mi−n)
(
(−1)k m(−1)j+k
0 (−1)j+k
)
t(i′,−m′ i′−n′)
(
(−1)k′ m(−1)j′+k′
0 (−1)j′+k′
)
=
(
t(m,n)
(
(−1)j i(−1)j+k
0 (−1)j+k
))σ (
t(m′,n′)
(
(−1)j′ i′(−1)j′+k′
0 (−1)j′+k′
))σ
= (t(m,n)xi1(−e2)jyk)σ (t(m′,n′)xi
′
1(−e2)j
′
yk
′
)σ ,
σ is an automorphism of G. By the definition, σ exchanges t(1,0) and x1;−e2 and y; and t(0,1) and t(0,−1), respectively.
Now we come back to the proof. First determine the possible t and r . Since M := 〈−e2, y〉 is a Sylow 2−subgroup of G,
up to conjugacy, we may let M ≤ L := 〈t, r〉 ∼= D4p, recalling that L will be the point stabilizer for some vertex. To find all
the possible subgroups L, wemust pick up all the subgroups in P of order p normalized byM . Now the central involution z of
Lmust be one of {−e2, y,−y}. Suppose that z = −y. Since 〈t(0,1)〉 is the unique subgroup of order pwhich is centralized by
−y, L = 〈t(0,1)〉 : M . Since t(0,1) is a central element of the group P and P acts transitively on V (X), it cannot fix any vertex,
a contradiction. Therefore, z = −e2 or y. Since some element in Aut(G) exchanges −e2 and y, up to map isomorphism we
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may set z = y. Since 〈t(1,0)〉 is the unique subgroup of order p which is centralized by y, L = 〈x1〉 : M = 〈x, y〉. SinceM has
two conjugacy classes of involutions with the representation y and x1(−y), we may let t = y or t = x1(−y).
First suppose that t = x1(−y). Since |rt| = 2p, r = xi1y for some i 6= 1. Assume that ` = t(a1,a2)xk1h for a nontrivial
element h ∈ M . Since
〈rt, `t〉/P = 〈−e2, h(−y)〉P/P ∼= D4,
we get that h = −e2 so that ` = t(a1,a2)xk1(−e2). From `2 = 1, we get that k = 0 so that ` = t(a1,a2)(−e2). From `y = `t = `,
we get that a1 = 0 so that ` = t(0,a2)(−e2). Since 〈t(0,a2)〉 ≤ Z(P) and it is normal in G, we get that 〈t, r, `〉 ≤ 〈t(0,a2), L〉 6= G,
a contradiction.
Next suppose that t = y. Since |rt| = 2p, r = xi1(−y) for some i ∈ Z∗p . Let u =
(
i−1 0
0 1
)
.Then the restriction of
I(u) ∈ Inn(AGL(2, p)) on G fixes y and maps x1 to xi1. Therefore, we may set r = x1(−y). For the same reason as in last
paragraph, ` has the form ` = t(a1,a2)(−e2). From `t = `, we get that a2 = 0 so that ` = t(a1,0)(−e2). Since the restriction
of I(a1(−e2)) on G fixes L pointwise and maps t(1,0) to t(a1,0), we may choose ` = t(1,0)(−e2). Hence, we get
t = y, r = x1(−y) = xy, ` = t(1,0)(−e2) = t(1,0)x n2 .
Since
〈rt, `t〉 = 〈x, t(1,0)(−y)〉 = 〈x1,−e2, t(1,0)y〉 = 〈x1,−e2, t(1,0), y〉 = G,
we get the unique desired triple, correspondingly, get the map M(G3; y, xy, t(1,0)xp) in Theorem 2.3.(3). Clearly, 〈t, r〉 ∩
〈t, r〉l = 〈t〉, which implies that the underlying graph has no edges.
By a similar computation, we get the nonorientable genus γ = p3 − 2p2 + 2. 
Proof of Theorem 2.3. From the above discussion, we know that if p = 2, thenM ∼= M(S4, (12), (13), (12)(34)); if p ≥ 3
and Aut(M) acts primitively on V (X), then M ∼= M(G1; y, xiy, t(1,1)x n2 ) or M(G2; y, xiy, t(1,0)x n2 ); if p ≥ 3 and Aut(M)
acts imprimitively on V (X), thenM ∼= M(G3; y, xy, t(1,0)xp). Since the automorphism groups Aut(M) in the four cases are
nonisomorphic, the maps in the four cases are nonisomorphic. This completes the proof of Theorem 2.3. 
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